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Abstract

In this paper, we characterize the boundedness of composition operator C, from
Morrey space Hk, to H?k, on the unit complex disk.

1. Introduction

Let D be the open unit disk and T be the unit circle in the complex plane C. We
use ¢ to denote an analytic self-map of D. The composition operator Cy is defined
by Cyf = fo¢, f € HD), where H(D) is the space of all analytic functions in D.

The Hardy space H? consists of analytic functions f in I satisfying

1 27
sup —

re'?)|?df < co.
S0 o ), |f(re)|

Given a function K : [0,00) — [0,00) be a right-continuous and nondecreasing
function, we denote the Morrey space H% of all analytic functions f € H? on D

such that .
_ 1 gl
11z = (s ez 170 = st ) <o

where the supremum is taken over all sub-arcs I C T with |I| being their arc-lengths,
and

1
fr= m/lf(o\dd

The space Hz was first introduced in [5]. It is easy to check that Hz- is a Banach
space under the norm |f(0) + [ f[|3},.. In the case of K(t) = ¢, 0 < p < 1, the
space H% gives the analytic Campanato space C 4, (see[7]), especially, if K (t) = t,
then the space H% coincides with BMOA, the intersection of the Hardy space H?
on D and BMO(T), the space of functions of bounded mean oscillation on T. The
main results in this paper cover the corresponding BMOA results in [2] and [4].

For f € H?, set

(S

1—|a?

Hf”H}(,* :ilég{m HfOUa—f(a)Hg} :
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An important tool in the study of H% is the auxiliary function ¢, defined by
K(st)

s) = su 0<s<oo.
P () 0<tI§)1 K(t)
The condition
> ds
(1) /1 Prc(s) 5 < oo

has played a crucial role in the study of the so-called Qx type spaces. See [1], [6]
for instance. This condition will be crucial for us to study H% spaces as well.
We summarize the main results of the paper as below.

Theorem 1.1. Let ¢ be an analytic selfmap on D and K; : [0,00) — [0,00)
i = 1,2 be right-continuous and nondecreasing functions satisfying condition (1).
Then Cy : HIQ(1 — H?Q is bounded if and only if

1—la]®>  EKi(1-|¢(a)]?) 2
@l g I oge i < o

where s
)= 1= Wil = ( [1r@Plag) bz

Theorem 1.2. Let ¢ be an analytic self-map on D and K : [0,00) — [0,00)
be a right-continuous and nondecreasing function satisfying condition (1). Then
Cy: H% — H?% is always bounded with

1+ |6(0)] 19(0)[\ ) ?
||O¢f||H§<,*§{ AL (1+|¢>( |)} 1l

In what follows, we use the notation A < B to indicate that there is a constant
C >0 with A < CB. A and B are called equivalent, denoted by “A ~ B”, if there
exists some C' such that A < B < A.

2. Proof of the main results
In this section, we will give the proofs of the main results. To this end, we first
give some lemmas which would be used in the following.

Lemma 2.1. Suppose K is a right-continuous and nondecreasing function. Then
f € H% if and only if £l ez, < 00

Proof. According to Theorem 3.1 in [5], we know that f € H% if and only if

sup 1ol /|f ~ Joa(2)P)dA(2) < oo
SO K1 |a]) @

For f € H?, the well-known Littlewood-Paley identity gives
£ =I5 = 2 [ 17C)PIn pdA)

and
If - £(0 ||2_/|f 2(1 — [22)dA(2).
Replace f by f o o,, we have
/ £z Pm| A / P22~ ou(2)2)dA).

Meanwhile, for a € D, we know

K(1—|a]) ~ K(1—la]*)
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Therefore,
2 1- |a|2 2
112, = igg{mwowf(am}
1- |a|2 2
= 250 A (aP) 1~ / PR I A
~ sup o '“'2 / PP oa(2)P)AC).
a€D K 1- |CL|

This shows || f[| g2 . < oo. O

Lemma 2.2. Suppose K is a right-continuous and nondecreasing function satisfy-
ing condition (2). Let

2\
) = [T ot -

Then f, is uniformly bounded in H% | that is, for all b € D,
||fb||H§(7* < 00.

Proof. A simple computation gives

2
HEr = S P

(1= [o*)E (1 = [p*)[1 — be|

and

(1= la)(1 =2

1 lou(2) = = e

Using [8, Lemma 1], we get the following estimate:

| fo 000 — fo(a)ll3
~ / U~ [oa(2)2)dA(2)

—|2?
~ (1—|a b b dA(z
(= Jafy = =) [ T @)
S (L—la)(1 — ) K (L — o) —
(1—1[o? )\1—ab|2
(L= laP)K (1 )
[1 — ab|? '
Hence,
1—|al?
1ol = Zggmﬂfbo%—fb(a)ﬂg
_ 2)2 K(1— b2
< AP K= )
weD |1—ab]?  K(1-—|a|?)
< L
Thus,we finish the proof of this lemma. O
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Proof of Theorem 1.1: Assume that ( ) holds. To show Cy : Hi. — Hj., is
bounded, it suffices to verify ||C¢f||il S S 13

Suppose ¢g(0) = 0 = ¥(0), here g € H2 and w 1s an analytic self-map on D, it
follows from [3, Proposition 2.3] that

llgovllz < lgll2ll¥llz -

,*

Taking
Ja = foog@ — fodla), Yo =04a)0doay,
It is easy to check that g, € H?, 1, is an analytic self-map on D, and
9a(0) = 0 =1,(0).
thus we have
(3) 19a © all2 S llgall2ll?all2 -
Notice that
9o ©ha = fodpoo.— fod(a)

It follows from Lemma 2.1 and (3), we deduce

Coflis. .
= sup e 00, — Foslal:
= s o o
S swp 1("|) lall3la 3
_ igﬁlm NNf 0 0pta) — £ 0 B2

. 1- |a’|2 . 1( - |¢(a)‘2 . ||,¢ ||2
Ky(1—lal?)  1—|¢(a)[? ?
L—]af*  Ki(l—[¢(a)]?)
S IS .+ Sup
iz, 8 BT —1aP) 1= ola)P
This shows Cy is bounded from H. to Hf. .
Conversely, for f € H?, we have

2 J—
/|C¢f P ldA /|f 2N (6, w)dA(uw)

Ny o poaal -

where N (¢, w) is the Nevanlinna counting function of ¢ :
N(gw)= Y Inle|" VweD\{6(0)}
b(z)=w

This formula and the Littlewood-Paley identity show
lov o ¢ 0 0a — v 0 d(a)|3

= Op © 00’2211i z
= 4 oo 600w ()P 1n dA()

= 4/DN(Uboqbooa,w) dA(w)
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Now, if Cy : Hj. — Hj., is bounded, Then

o > sup|Cofull
beD 2

= swllfodll; .
beD

1_ |af? / 2
>~ SUp ¢ opoa,) In dA

= sup
a,beD K2 K(1— [a]?)

/ (76 0 00)) (2) P16 (00) (2) Pl (2) 2 Tn

%dA(z)

_ 1—Jaf? / (L PpREA o), 1,
N :ZIEPDK2(1_\G|2) p |1—b-¢poaa(z)* n|2|d (¢ 00u(z)

- L—la?  Ki(1—[bP) (L—p* 1

O Kall—]aP) PR hT=EgenC HERRARG
_ 1—|a? — b , 1

o aszlé)mj Ks(1 — |al?) ’ e /| (po004))(2)]"In mdA(qﬁoaa(z))

= sup L—Ja” . Kl(l — bF) /ln idA(al, opoay(z))
D

abep Ka(l—lal?)  1—b2
1—la*  Ki(1—[b*)

= sup > .

apen Kao(1 — |al?) 1 —[b]
1—la*  Ki(1—[b]*)

= sup 2y 2

abed Ka(l —|al?) 1— 10|
1 — |al? Ki(1-— 2
LI KA1 o))

acd Ka(1—1al?) 1 |¢(a)l

2|
/ N(opogoay,,z)dA(z)
D

WV

Ny o po a3

Hence (2) is true. The proof is ended.

lloy 0 doaa —ap 0 p(a)ll3

Proof of Theorem 1.2: We first assume ¢(0) = 0. By Schwarz Lemma for ¢, we

have |¢(a)| < |al, Va € D. And by (2) we have

K(t)
t

is nonincreasing. Then we deduce that

Lo K(1— |6(a)?
KA-laP) 1-Je@p -+ "<
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Therefore, it follow from (1) and the Littlewood subordination principle that

1Cs fliFrs .
= EEBM'MWWHQ
< iggm'maﬂz
= sup U oo — fo (0

2 1 —af? CK(1 - [6(a)]?)
I 598 e a1 To(a

112 . -

IN

IN

For the general case, Let

Y = 0g(0) © G;
__ab—1.

A T 1—ab’

b= ¢(0);

c = aq(b).

Then we have

and

1 l—ab? 1+ bl
L—le? (1 —la) (X —=[b)) = Q@ —lal®)(1~[o])

Thus, we see tK (%) is nondecreasing for t, which shows that

K(1— ) 1+ (] (1 —la[*) (@ — [bl)
T e [ 1+ 0]

Then, we obtain
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||CO'be§{?(,*
= |lfoouliZ.
B 1—a|? 2
T BEa- oo el
1— |al? 2
= SuUp ———-< Aoe) — f(Ae
b el CCORBICOIE
1—laf*  K(1—|cP)
< 2 . Q .
= ||f||H§<* Zlelg K(1—1a2)  1—|c
1— )’ 1+ o] [(1d2X1IbD
< 2, _-su :
= 7l S0 R o) G a0~ ) I
(1=lal®(1=]b])
— 2., -su RN
Hiw e 1] K(1—[a?)
1+ |b| 1 — b
< Y |-
< ||f||H?<*1—|b\ K<1_|_|b

Moreover, ¢ = oy 09 and ¥(0) = g4y © ¢(0) = 0, the Littlewood subordination

theorem tells us

1Co s ..

[FRXI

Ifoonols

< Nf ool
112 L (A1
= WHRe T ] TR\ )
That is,
1+ [¢(0)] <1 - |¢>(0)>
C 2 5 < 2 5 R B S AN .
[ ¢fHHK,*— ||f||HK’*1—|¢(O)‘ PK 1+|¢(0)‘

This complete the proof of Theorem 1.2.
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