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1. Introduction

Let D be the open unit disk and T be the unit circle in the complex plane C. We
use φ to denote an analytic self-map of D. The composition operator Cφ is defined
by Cφf = f ◦ φ, f ∈ H(D), where H(D) is the space of all analytic functions in D.

The Hardy space H2 consists of analytic functions f in D satisfying

sup
0≤r<1

1

2π

∫ 2π

0

|f(reiθ)|2dθ < ∞.

Given a function K : [0,∞) → [0,∞) be a right-continuous and nondecreasing
function, we denote the Morrey space H2

K of all analytic functions f ∈ H2 on D
such that

‖f‖H2
K
=

(
sup
I⊆T

1

K(|I|)

∫

I

|f(ζ)− fI |2|dζ|
) 1

2

< ∞,

where the supremum is taken over all sub-arcs I ⊆ T with |I| being their arc-lengths,
and

fI =
1

|I|

∫

I

f(ζ)|dζ|.

The space H2
K was first introduced in [5]. It is easy to check that H2

K is a Banach
space under the norm |f(0)| + ‖f‖2HK

. In the case of K(t) = tp, 0 < p < 1, the

space H2
K gives the analytic Campanato space CAp (see[7]), especially, if K(t) = t,

then the space H2
K coincides with BMOA, the intersection of the Hardy space H2

on D and BMO(T), the space of functions of bounded mean oscillation on T. The
main results in this paper cover the corresponding BMOA results in [2] and [4].

For f ∈ H2, set

‖f‖H2
K ,∗ = sup

a∈D

{ 1− |a|2

K(1− |a|2)
· ‖f ◦ σa − f(a)‖22

} 1
2

.

An important tool in the study of H2
K is the auxiliary function ϕK , defined by

ϕK(s) = sup
0<t≤1

K(st)

K(t)
0 < s < ∞.

The condition

(1)

∫ ∞

1

ϕK(s)
ds

s2
< ∞.
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has played a crucial role in the study of the so-called QK type spaces. See [1], [6]
for instance. This condition will be crucial for us to study H2

K spaces as well.
We summarize the main results of the paper as below.

Theorem 1.1. Let φ be an analytic self-map on D and Ki : [0,∞) → [0,∞)
i = 1, 2 be right-continuous and nondecreasing functions satisfying condition (1).
Then Cφ : H2

K1
→ H2

K2
is bounded if and only if

(2) sup
a∈D

{
1− |a|2

K2(1− |a|2)
· K1(1− |φ(a)|2)

1− |φ(a)|2
· ‖σφ(a) ◦ φ ◦ σa‖22

}
< ∞

where

σb(z) =
b− z

1− bz
, ‖f‖2 =

(∫

T
|f(ξ)|2|dξ|

) 1
2

b, z ∈ D.

Theorem 1.2. Let φ be an analytic self-map on D and K : [0,∞) → [0,∞)
be a right-continuous and nondecreasing function satisfying condition (1). Then
Cφ : H2

K → H2
K is always bounded with

‖Cφf‖H2
K ,∗ ≤

{
1 + |φ(0)|
1− |φ(0)|

· ϕK

(
1− |φ(0)|
1 + |φ(0)|

)} 1
2

‖f‖H2
K ,∗ .

In what follows, we use the notation A � B to indicate that there is a constant
C > 0 with A ≤ CB. A and B are called equivalent, denoted by “A � B”, if there
exists some C such that A � B � A.

2. Proof of the Main Results

In this section, we will give the proofs of the main results. To this end, we first
give some lemmas which would be used in the following.

Lemma 2.1. Suppose K is a right-continuous and nondecreasing function. Then
f ∈ H2

K if and only if ‖f‖H2
K ,∗ < ∞.

Proof. According to Theorem 3.1 in [5], we know that f ∈ H2
K if and only if

sup
a∈D

1− |a|2

K(1− |a|)

∫

D
|f ′(z)|2(1− |σa(z)|2)dA(z) < ∞.

For f ∈ H2, the well-known Littlewood-Paley identity gives

‖f − f(0)‖22 = 2

∫

D
|f ′(z)|2 ln 1

|z|2
dA(z),

and

‖f − f(0)‖22 �
∫

D
|f ′(z)|2(1− |z|2)dA(z).

Replace f by f ◦ σa, we have∫

D
|f ′(z)|2 ln 1

|σa(z)|2
dA(z) �

∫

D
|f ′(z)|2(1− |σa(z)|2)dA(z).

Meanwhile, for a ∈ D, we know

K(1− |a|) � K(1− |a|2)
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Therefore,

‖f‖2H2
K ,∗ = sup

a∈D

{ 1− |a|2

K(1− |a|2)
· ‖f ◦ σa − f(a)‖22

}

= 2 sup
a∈D

1− |a|2

K(1− |a|2)
·
∫

D
|f ′(z)|2 ln 1

|σa(z)|2
dA(z)

� sup
a∈D

1− |a|2

K(1− |a|)
·
∫

D
|f ′(z)|2(1− |σa(z)|2)dA(z).

This shows ‖f‖H2
K ,∗ < ∞. �

Lemma 2.2. Suppose K is a right-continuous and nondecreasing function satisfy-
ing condition (2). Let

fb(z) =

[
K(1− |b|2)
1− |b|2

] 1
2

[σb(z)− b] .

Then fb is uniformly bounded in H2
K , that is, for all b ∈ D,

‖fb‖H2
K ,∗ < ∞.

Proof. A simple computation gives

|f ′
b(z)|2 =

K(1− |b|2)
1− |b|2

· |σ′
b(z)|2

= (1− |b|2)K(1− |b|2)|1− bz|−4,

and

1− |σa(z)|2 =
(1− |a|2)(1− |z|2)

|1− az|2
.

Using [8, Lemma 1], we get the following estimate:

‖fb ◦ σa − fb(a)‖22

�
∫

D
|f ′

b(z)|2(1− |σa(z)|2)dA(z)

� (1− |a|2)(1− |b|2)K(1− |b|2)
∫

D

1− |z|2

|1− az|2|1− bz|4
dA(z)

� (1− |a|2)(1− |b|2)K(1− |b|2) 1

(1− |b|2)|1− ab|2

=
(1− |a|2)K(1− |b|2)

|1− ab|2
.

Hence,

‖fb‖2H2
K ,∗ = sup

a∈D

1− |a|2

K(1− |a|2)
‖fb ◦ σa − fb(a)‖22

� sup
a∈D

(1− |a|2)2

|1− ab|2
· K(1− |b|2)
K(1− |a|2)

� 1.

Thus,we finish the proof of this lemma. �
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Proof of Theorem 1.1: Assume that (2) holds. To show Cφ : H2
K1

→ H2
K2

is

bounded, it suffices to verify ‖Cφf‖2H2
K2

,∗ � ‖f‖2
H2

K1
,∗.

Suppose g(0) = 0 = ψ(0), here g ∈ H2 and ψ is an analytic self-map on D, it
follows from [3, Proposition 2.3] that

‖g ◦ ψ‖2 � ‖g‖2‖ψ‖2 .

Taking
ga = f ◦ σφ(a) − f ◦ φ(a), ψa = σφ(a) ◦ φ ◦ σa,

It is easy to check that ga ∈ H2, ψa is an analytic self-map on D, and
ga(0) = 0 = ψa(0).

thus we have

(3) ‖ga ◦ ψa‖2 � ‖ga‖2‖ψa‖2 .

Notice that
ga ◦ ψa = f ◦ φ ◦ σa − f ◦ φ(a).

It follows from Lemma 2.1 and (3), we deduce

‖Cφf‖2H2
K2

,∗

= sup
a∈D

1− |a|2

K2(1− |a|2)
· ‖f ◦ φ ◦ σa − f ◦ φ(a)‖22

= sup
a∈D

1− |a|2

K2(1− |a|2)
· ‖ga ◦ ψa‖22

� sup
a∈D

1− |a|2

K2(1− |a|2)
· ‖ga‖22‖ψa‖22

= sup
a∈D

1− |φ(a)|2

K1(1− |φ(a)|2)
· ‖f ◦ σφ(a) − f ◦ φ(a)‖22

· 1− |a|2

K2(1− |a|2)
· K1(1− |φ(a)|2

1− |φ(a)|2
· ‖ψa‖22

� ‖f‖2H2
K1

,∗ · sup
a∈D

1− |a|2

K2(1− |a|2)
· K1(1− |φ(a)|2)

1− |φ(a)|2
· ‖σφ(a) ◦ φ ◦ σa‖22 .

This shows Cφ is bounded from H2
K1

to H2
K2

.

Conversely, for f ∈ H2, we have∫

D
|(Cφf)

′(z)|2 ln 1

|z|
dA(z) =

∫

D
|f ′(z)|2N(φ,w)dA(w)

where N(φ,w) is the Nevanlinna counting function of φ :

N(φ,w) =
∑

φ(z)=w

ln |z|−1 ∀w ∈ D\{φ(0)}.

This formula and the Littlewood-Paley identity show

‖σb ◦ φ ◦ σa − σb ◦ φ(a)‖22

= 4

∫

D
|(σb ◦ φ ◦ σa)

′(z)|2 ln 1

|z|
dA(z)

= 4

∫

D
N(σb ◦ φ ◦ σa, w) dA(w)

www.stijournal.pl



54 Original article J. Xu

Science, Technology and Innovation, 2022, 16 (3–4), 50–56

THE COMPOSITION OPERATORS BETWEEN MORREY TYPE SPACES 5

Now, if Cφ : H2
K1

→ H2
K2

is bounded, Then

∞ > sup
b∈D

‖Cφfb‖2H2
K2

,∗

= sup
b∈D

‖fb ◦ φ‖2H2
K2

,∗

� sup
a,b∈D

1− |a|2

K2(1− |a|2)

∫

D
|(fb ◦ φ ◦ σa)

′(z)|2 ln 1

|z|
dA(z)

= sup
a,b∈D

1− |a|2

K2(1− |a|2)

∫

D
|(f ′

b(φ ◦ σa))(z)|2|φ′(σa)(z)|2|σ′
a(z)|2 ln

1

|z|
dA(z)

= sup
a,b∈D

1− |a|2

K2(1− |a|2)

∫

D

(1− |b|2)K1(1− |b|2)
|1− b · φ ◦ σa(z)|4

ln
1

|z|
dA(φ ◦ σa(z))

= sup
a,b∈D

1− |a|2

K2(1− |a|2)
· K1(1− |b|2)

1− |b|2

∫

D

(1− |b|2)2

|1− b · φ ◦ σa(z)|4
ln

1

|z|
dA(φ ◦ σa(z))

= sup
a,b∈D

1− |a|2

K2(1− |a|2)
· K1(1− |b|2)

1− |b|2

∫

D
|(σ′

b(φ ◦ σa))(z)|2 ln
1

|z|
dA(φ ◦ σa(z))

= sup
a,b∈D

1− |a|2

K2(1− |a|2)
· K1(1− |b|2)

1− |b|2

∫

D
ln

1

|z|
dA(σb ◦ φ ◦ σa(z))

= sup
a,b∈D

1− |a|2

K2(1− |a|2)
· K1(1− |b|2)

1− |b|2

∫

D
N(σb ◦ φ ◦ σa, z)dA(z)

= sup
a,b∈D

1− |a|2

K2(1− |a|2)
· K1(1− |b|2)

1− |b|2
· ‖σb ◦ φ ◦ σa − σb ◦ φ(a)‖22

� sup
a∈D

1− |a|2

K2(1− |a|2)
· K1(1− |φ(a)|2)

1− |φ(a)|2
· ‖σφ(a) ◦ φ ◦ σa‖22 .

Hence (2) is true. The proof is ended.

Proof of Theorem 1.2: We first assume φ(0) = 0. By Schwarz Lemma for φ, we
have |φ(a)| ≤ |a|, ∀a ∈ D. And by (2) we have

K(t)

t

is nonincreasing. Then we deduce that

1− |a|2

K(1− |a|2)
· K(1− |φ(a)|2

1− |φ(a)|2
≤ 1 ∀a ∈ D.

www.stijournal.pl
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≤ 1 ∀a ∈ D.
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Therefore, it follow from (1) and the Littlewood subordination principle that

‖Cφf‖2H2
K ,∗

= sup
a∈D

1− |a|2

K(1− |a|2)
· ‖ga ◦ ψa‖2

≤ sup
a∈D

1− |a|2

K(1− |a|2)
· ‖ga‖2

= sup
a∈D

1− |a|2

K(1− |a|2)
‖f ◦ σφ(a) − f ◦ φ(a)‖22

≤ ‖f‖2H2
K ,∗ · sup

a∈D

1− |a|2

K(1− |a|2)
· K(1− |φ(a)|2)

1− |φ(a)|2

≤ ‖f‖2H2
K ,∗ .

For the general case, Let




ψ = σφ(0) ◦ φ;
λ = ab−1

1−ab
;

b = φ(0);

c = σa(b).

Then we have

σb ◦ σa = λσc, σb(a) = λc,

and

1

1− |c|2
=

|1− ab|2

(1− |a|2)(1− |b|2)
≤ 1 + |b|

(1− |a|2)(1− |b|)
.

Thus, we see tK( 1t ) is nondecreasing for t, which shows that

K(1− |c|2)
1− |c|2

≤ 1 + |b|
(1− |a|2)(1− |b|)

K

[
(1− |a|2)(1− |b|)

1 + |b|

]
.

Then, we obtain
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‖Cσb
f‖2H2

K ,∗

= ‖f ◦ σb‖2H2
K ,∗

= sup
a∈D

1− |a|2

K(1− |a|2)
‖f ◦ σb ◦ σa − f ◦ σb(a)‖22

= sup
a∈D

1− |a|2

K(1− |a|2)
‖f(λσc)− f(λc)‖22

≤ ‖f‖2H2
K ,∗ · sup

a∈D

1− |a|2

K(1− |a|2)
· K(1− |c|2)

1− |c|2

≤ ‖f‖2H2
K ,∗ · sup

a∈D

1− |a|2

K(1− |a|2)
· 1 + |b|
(1− |a|2)(1− |b|)

K

[
(1− |a|2)(1− |b|)

1 + |b|

]

= ‖f‖2H2
K ,∗ · sup

a∈D

1 + |b|
1− |b|

·
K

[
(1−|a|2)(1−|b|)

1+|b|

]

K(1− |a|2)

≤ ‖f‖2H2
K ,∗

1 + |b|
1− |b|

· ϕK

(
1− |b|
1 + |b|

)
.

Moreover, φ = σb ◦ ψ and ψ(0) = σφ(0) ◦ φ(0) = 0, the Littlewood subordination
theorem tells us

‖Cφf‖2H2
K ,∗ = ‖f ◦ φ‖2H2

K ,∗

= ‖f ◦ σb ◦ ψ‖2H2
K ,∗

≤ ‖f ◦ σb‖2H2
K ,∗

≤ ‖f‖2H2
K ,∗

1 + |b|
1− |b|

· ϕK

(
1− |b|
1 + |b|

)
.

That is,

‖Cφf‖2H2
K ,∗ ≤ ‖f‖2H2

K ,∗
1 + |φ(0)|
1− |φ(0)|

· ϕK

(
1− |φ(0)|
1 + |φ(0)|

)
.

This complete the proof of Theorem 1.2.
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