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On certain weighted Schur type inequalities
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Abstract

In this note we give sharp Schur type inequalities for univariate polynomials with 
convex weights. Our approach will rely on application of two-dimensional Markov 
type inequalities, and also certain properties of Jacobi polynomials in order to prove 
sharpness.
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R N
N2 = {l ∈ N : l ≥ 2} Pn(RN)

N
n Pn Pn(R1) Lp(Ω) 1 ≤ p < ∞

f Ω ⊂ Rm

∥f∥Lp(Ω) := (

∫

Ω

|f(x)|p dx)1/p < ∞ 1 ≤ p < ∞.

∥P∥[−1,1] ≤ (n+ 1)∥
√
1− x2P∥[−1,1] (P ∈ Pn),

∥f∥K := supx∈K |f(x)| (1 − x2)β

β > 1/2

∥P∥[−1,1] ≤ C(β)n2β∥(1− x2)βP∥[−1,1] (P ∈ Pn).

n

∥P ′∥[a,b] ≤
2n2

b− a
∥P∥[a,b].
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f : (−1, 0] → (0,∞) C2((−1, 0))
−1 < η ≤ 0 f |(−1,η)

lim
x→−1+

f ′(x) = lim
x→−1+

f(x) = 0.

k ∈ N2 (f)1/k

(−1, η)

K = {(x, y) ∈ R2 : −1 < x < 1, 0 ≤ y ≤ f(−|x|)}.

1 ≤ p < ∞ C > 0
∥∥∥∥
∂P

∂y

∥∥∥∥
Lp(K)

≤ C
n2

f ′(−1 + 1/n2)
∥P∥Lp(K).

n ∈ N2 P ∈ Pn(R2)

∥∥∥∥
∂P

∂y

∥∥∥∥
Lp(K)

≤ Ĉ
1

f(−1 + 1/n2)
∥P∥Lp(K).

f

1

f(−1 + 1/n2)
≤ k

n2

f ′(−1 + 1/n2)
.

f : (−1, 0] → (0,∞) C2((−1, 0))
−1 < η ≤ 0 f |(−1,η)

lim
x→−1+

f ′(x) = lim
x→−1+

f(x) = 0.

k ∈ N2 (f)1/k

(−1, η)

w(x) =

{
f(−|x|) x ∈ (−1, 1)
0

1 ≤ p < ∞ B > 0

∥∥w1/pP
∥∥
Lp([−1,1])

≤ B
n2

f ′(−1 + 1/n2)
∥w1/p+1P∥Lp([−1,1]).

n ∈ N2 P ∈ Pn

2. Main results
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P ∈ Pn Q(x, y) = yP (x)
∂Q
∂y

= P. K = {(x, y) ∈ R2 : −1 < x < 1, 0 ≤ y ≤ f(−|x|)}.

∥∥∥∥
∂Q

∂y

∥∥∥∥
Lp(K)

≤ C
(n+ 1)2

f ′(−1 + 1/(n+ 1)2)
∥Q∥Lp(K).

∫ 1

−1

∫ w(x)

0

|P (x)|p dydx ≤
(

C(n+ 1)2

f ′(−1 + 1/(n+ 1)2)

)p ∫ 1

−1

∫ w(x)

0

|yP (x)|p dydx.

∫ 1

−1

w(x) |P (x)|p dx ≤
(

C(n+ 1)2

f ′(−1 + 1/(n+ 1)2)

)p ∫ 1

−1

w(x)

p+ 1
|w(x)P (x)|p dx.

D

C
(n+ 1)2

f ′(−1 + 1/(n+ 1)2)
≤ D

n2

f ′(−1 + 1/n2)
.

1
(n+1)2

− 1 < η

lim
x→−1+

f ′(x) = lim
x→−1+

f(x) = 0

(f)1/k (−1, η)

1

n2
f ′(−1 + 1/n2) ≤ kf(−1 + 1/n2),

(
n+ 1

n

)2k

f(−1 + 1/(n+ 1)2) ≥ f(−1 + 1/n2).

f

f ′(−1 + 1/(n+ 1)2) ≥ (1 + n)2f(−1 + 1/(1 + n)2).

k4k
f ′(−1 + 1/(n+ 1)2)

(1 + n)2
≥ f ′(−1 + 1/n2)

n2
.

D = Ck4k

f, k w 1 ≤ p < ∞
n ∈ N2 B1 > 0

Un ∈ Pn

∥∥w1/pUn

∥∥
Lp([−1,1])

≥ B1
n2

f ′(−1 + 1/n2)
∥w1/p+1Un∥Lp([−1,1]).
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Un(x) = P
(ω,ω)
n (−x) P

(ω,σ)
n

n ω σ

∥∥w1/pUn

∥∥p

Lp([−1,1])
≥

∫ −1+ 1
n2

−1

f(x)|P (ω,ω)
n (−x)|p dx.

∫ −1+ 1
n2

−1

f(x)|P (ω,ω)
n (−x)|p dx =

∫ 1
n2

0

f(t− 1)|P (ω,ω)
n (1− t)|p dt.

t = z
2n2

∫ 1
n2

0

f(t− 1)|P (ω,ω)
n (1− t)|p dt = 1

2n2

∫ 2

0

f(τn(z)− 1)|P (ω,ω)
n (1− τn(z))|p dz,

τn(z) =
z

2n2

1

2n2
|P (ω,ω)

n (1− τn(z))|p ≥
nωp

4pn2
(4(z/2)−ωJω(z)− 1/Γ(ω + 2))p

ω > 0 n Jω(z)
gn(z) = τn(z)− 1

min
z∈[0,2]

{(z/2)−ωJω(z)} ≥ min
z∈[0,2]

{
1

Γ(ω + 1)
− z2

4Γ(ω + 2)

}
=

ω

Γ(ω + 2)
,

1

2n2

∫ 2

0

f(gn(z))|P (ω,ω)
n (−gn(z))|p dz ≥

(
4ω − 1

4Γ(ω + 2)

)p

nωp−2

∫ 2

0

f(gn(z)) dz.

∫ 2

0

f(gn(z)) dz = 2f(−1 + 1/n2)− 1

2n2

∫ 2

0

zf ′(gn(z)) dz.

x ∈ (−1, η) kf(x) ≥ (1 + x)f ′(x)

∫ 2

0

f(gn(z)) dz ≥ 2f(−1 + 1/n2)

k + 1
≥ 2f ′(−1 + 1/n2)

n2k(k + 1)
.

∥∥w1/pUn

∥∥p

Lp([−1,1])
≥

(
4ω − 1

4Γ(ω + 2)

)p
2nωp−4f ′(−1 + 1/n2)

k(k + 1)
.

f M > 0

∥∥w1/p+1Un

∥∥p

Lp([η,−η])
≤ Mp+1

∫ −η

η

|P (ω,ω)
n (−x)|p dx.
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P
(ω,σ)
n

Λ > 0

∫ −η

η

|P (ω,ω)
n (−x)|p dx ≤ Λn−p/2

−1 < −1 + 1/n2 < η 1
n2f

′(−1 + 1/n2) ≥ f(−1 + 1/n2)
(f)1/k (−1, η) Λ1 > 0

f(−1 + 1/n2) ≥ Λ1

n2k
.

Λ2 > 0

∥∥w1/p+1Un

∥∥p

Lp([η,−η])
≤ Λ2

(
f ′(−1 + 1/n2)

)p+1
nωp−4−2p.

ω w

P (ω,σ)
n (−z) = (−1)nP (σ,ω)

n (z),

∥∥w1/p+1Un

∥∥
Lp([−1,−1+1/n2])

=
∥∥w1/p+1Un

∥∥
Lp([1−1/n2,1])

.

f |(−1,η)

∥∥w1/p+1Un

∥∥p

Lp([−1,−1+1/n2])
≤ (f(−1 + 1/n2))p+1

∫ −1+ 1
n2

−1

|P (ω,ω)
n (−x)|p dx.

∥∥w1/p+1Un

∥∥p

Lp([−1,−1+1/n2])
≤ (f(−1 + 1/n2))p+1

∫ η

−1

|P (ω,ω)
n (−x)|p dx.

D > 0

∫ η

−1

|P (ω,ω)
n (−x)|p dx ≤ D

∫ η

−1+1/n2

|P (ω,ω)
n (−x)|p dx.

∥∥w1/p+1Un

∥∥p

Lp([−1,−1+1/n2])
≤ D(f(−1 + 1/n2))p+1

∫ η

−1+1/n2

|P (ω,ω)
n (−x)|p dx.

ρ := arccos(−η) λn := arccos(1 − 1/n2)
x = − cos θ

∫ η

−1+1/n2

|P (ω,ω)
n (−x)|p dx =

∫ ρ

λn

|P (ω,ω)
n (cos θ)|p sin θ dθ.
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sin x ≤ x x ≥ 0
∫ ρ

λn

|P (ω,ω)
n (cos θ)|p sin θ dθ ≤

∫ ρ

λn

|P (ω,ω)
n (cos θ)|pθ dθ.

P
(ω,σ)
n

n1

∫ ρ

λn

|P (ω,ω)
n (cos θ)|pθ dθ ≤ D1n

−p/2

∫ ρ

λn

θ−p(ω+1/2)+1dθ.

n ≥ n1 D1

∫ ρ

λn

|P (ω,ω)
n (cos θ)|pθ dθ ≤ D1n

−p/2 λ
−p(ω+1/2)+2
n

p(ω + 1/2)− 2

ω
D2 n ≥ 2 1

n
≤ D2λn

∫ ρ

λn

|P (ω,ω)
n (cos θ)|pθ dθ ≤ D1

p(ω + 1/2)− 2
(D2n)

ωp−2.

D3 > 0

∥∥w1/p+1Un

∥∥p

Lp([−1,−1+1/n2])
≤ D3(f(−1 + 1/n2))p+1nωp−2.

f |(−1,η)

(f(−1 + 1/n2))p+1npω−2 ≤ (f ′(−1 + 1/n2))p+1nωp−2p−4.

∥∥w1/p+1Un

∥∥p

Lp([−1,−1+1/n2])
≤ D3(f

′(−1 + 1/n2))p+1nωp−2p−4.

∥∥w1/p+1Un

∥∥p

Lp([−1,1])
≤ (Λ2 + 2D3)(f

′(−1 + 1/n2))p+1nωp−2p−4.

k ∈ N k ≥ 2 1 < r ≤ k

∗ f1(x) = b1(1 + x)r

∗ f2(x) = (1 + x)r ln(− ln(b2(1 + x)))

3. Concluding remarks
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∗ f3(x) = −(1 + x)r ln(b3(1 + x))

∗ f4(x) = (1 + x)r(− ln(b4(1 + x)))c

∗ f5(x) = (1− x2)r

(−1, 0] b1, b2, b3, b4 c

∗ {(x, y) ∈ R2 : 0 ≤ x ≤ 1, axk ≤ y ≤ xr} × [0, 1]m

∗ {(x, y) ∈ Rm+1 : |x| ≤ 1, a|x|k ≤ y ≤ |x|r}
∗ {x ∈ Rm : a ≤ |x1|k+ |x2|k+ . . .+ |xm|k, |x1|r+ |x2|r+ . . .+ |xm|r < 1}
∗ {(x, y, z) ∈ R3 : 0 ≤ x ≤ 1, axk ≤ y ≤ xr, Ax + By + C1 ≤ z ≤
Ax+ By + C2}

k,m ∈ N r, A,B,C1, C2 ∈ R k ≥ 2 r ≤ k 0 < a < 1
C1 < C2 Ax + By + C1 ≥ 0 0 ≤ x ≤ 1 axk ≤ y ≤ xr

|x| :=
√

x2
1 + x2

2 + . . .+ x2
m

Lp
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