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Polynomial approximation of regular functions

of a quaternionic variable

Jerzy Szczepanski'

!Tagiellonian University, Faculty of Mathematics and Computer Science, Poland

Abstract

We consider Bernstein-Walsh-Siciak-type theorems on the polynomial approximation
in the case of regular functions of one quaternionic variable and their applications to
the uniform approximation and approximation in ¥ norms with respect to measures
satisfying the Bernstein-Markov condition.

1. Introduction

The analytic continuation of a function f : C* O E +— C and the rate of conver-
gence of polynomials approximating function f in the uniform norm on a compact
set F was studied in the case of one and several complex variables by Bernstein,
Walsh, Siciak and other autors (see [8] and references given there). In this paper
we prove analogues of the Bernstein-Walsh-Siciak theorem in the case of regular
function f : H D E — H of one quaternionic variable, see Theorems 5.1 and 6.1.
Next we consider also relationship between leading terms tAn(q) = ¢"a,, of polyno-
mials ¢,(¢) = ap + qa1 + - -+ + ¢"a,, approximating function f : H D E +— H and
regularity of f in an open neighbourhood of the set E, see Propositions 7.1 and
7.2. We also propose certain sufficient conditions for regularity of f expressed by
the distribution of points ¢,x appearing in the factorization of the polynomials of
the best approximation

tn(q) = (q - CInl) * (q - ‘Zn2) Foeee ok (q - %m)anru

see Propositions 8.1, 8.4 and 8.5.

2. Preliminaries

Let H be the field of real quaternions with elements ¢ = xg + iz + jzo + ka3,
where the numbers xg, z1, x2, z3 are real, and i, j, k are imaginary units, i.e. their
square equals —1 and ij = —ji = k, jk = —kj =i and ki = —ik = j. We donote
by Rq := ¢ the scalar (or real) part and by Sq := ix1 + jza + kxs the vector (or
imaginary) part of the quaternion ¢. Let

S:={qg=x0+iz1 + jro+ kxs e H: 29 =0, w%—i—x%—i—aﬁg:l}
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Polynomial approximation of regular functions of a quaternionic variable 29

be the unit sphere of purely imaginary quaternions. The elements I € S are
called imaginary units as 1> = —1. In particular, s = (0,1,0,0), 5 = (0,0,1,0),
k= (0,0,0,1) €S.

One may prove that g1z = G2 q1, where § := xg — iz1 — jro — kxg = Rq — 3¢
is the conjugate of the element ¢ = x¢ + ix1 + jaxo + kxs = Rg + F¢. Then
qq = qq = 23+ 23+ 23+ 3. Observe that |g| := (¢g)*/? is a norm of the quaternion
g. We have also ¢ = |g|(cos ¢ + §siny) for an angle ¢ € [0,7] Where q is the aris
of q defined by ¢ : ‘qlsﬁn@(ml + jzo + kxs) = if |Sq|? = 2% + 23 + 2% # 0,
or ¢:=1410+ 350+ k0, otherwise.

We consider the set Hy[q] := {ZZ:O q"an, an, € H} of regular polynomials of
one quaternionic variable g of degree less or equal d with coefficients on the right
side of the monomials ¢" and the set Hlq] = (J,2 Halg] of all regular polynomials
of one quaternionic variable ¢ € H. Following [4] we define the regular product

of polynomials f(q) = >";., ¢"aj, and g(q) = Yiso q‘b;:

|CI| Sm@

mn
f*glq Zq ¢p, where ¢, = Z agby. (1)
p=0 k+l=p

Observe that the regular product py * p2 of elements p; € Hg[ql], p2 € Hj[q] is
an element of Hl[¢] while the simple product p; pa of the factors p; and ps need
not be an element of the set H[q]:

(@=5)*(g—k) =d—q(j+k) +jk €Hlg,
(a—i)a—k) =d¢*—ja—ak+jk ¢Hlg,
which is due to noncommutability of quaternions.
By the Eilenberg-Niven theorem (known also as the quaternionic version of

the Fundamental Theorem of Algebra) one may factor each polynomial in a quater-
nionic variable. In particular, for each regular quaternionic polynomial

flq) = a1+ qa1 + ¢*az + -+ - + ¢"a, € H,[q]

there are quaternions qi, ¢, ..., g, such that

fl@)=(q—q1)*(q—q2)*---*(q—qn)an (2)

(see [5], Theorem 3.18, Corollary 3.19).

In the following discussion, we will call the elements of the set H]g| just poly-
nomials, omitting the word regular.

Observe that the factorisation (2) need not be unique nor the numbers g¢o,
q3,- - -, qn do not have to be zeroes of the factored polynomial. Let us recall two
known examples (see eg. [4]).

Example 2.1 The polynomial p(q) = (¢ — 7) * (¢ — 2j) can also be factored as

plg) = <q—8ig6j> x <q—4‘j;3i)-
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Example 2.2 Let p(q) = (¢ —j) * (¢ — k) = ¢> — q(j + k) + jk. We have

p(j) =72 —jG+k) +jk=0
p(k) = k? — k(j + k) + jk = 2jk #0.

Even if the rest of the points g2, g3, ...q, in factorisation (2) are not the
zeroes of the polynomial, they are related to them (see [7]). Namely, consider the
equivalence class of the the quaternion qg € H

[q0] := {qg € H : there exists a € H: a " lqa = qo}.
One may prove the following remark (see [7], Proposition 4).
Remark 2.3 If f(¢) = (¢ —q1) * (¢ — q2) * - - x (¢ — @») then

Zero(f) C [q1] U [g2] U~~~ U [gn],

where Zero(f) = {qg € H: f(¢q) = 0}.

3. Regular functions

An extensive survey of the theory of regular functions of one quaternionic variable
is presented in [5] and we restrict ourselves to the necessary definitions and prop-
erties of regular functions. For I € S we donote by L; the complex plane passing
through the origin and containing 1 and I, i.e. L; := R+ IR. Following [5] we say
that a domain €2 C H that intersects the real axis is called a slice domain if, for
all imaginary units I € S, the intersection Q; := Q N L; with the complex plane
L; is a domain of L;. A real differentiable function f : Q — H, defined on a slice
domain 2 C H, is called regular if for every I € S its restriction f7 to the complex
line L; is holomorphic on €27 (see [5], Definition 1.1), i.e.

5[f(l' + yI) = 1

3} 0
2<+I>f1(at+yl)£00n Qr.

ox dy
It is known (see [3]) that the monomial ¢"a with a € H is regular as well as the
sum of regular functions is regular.

A set T' C H is called symmetric if for all points x + Iy € T, with z,y € R
and I € S, the set T contains the whole sphere x + yS, see [5], Definition 1.14.

Symmetric slice domains play an important role in the theory of regular functions.
We recall the following lemma (see [5], Lemma 1.22):

Lemma 3.1 Let Q2 C H be a symmetric slice domain and let I € S. If f; : Qp — H
is holomorphic then there exists a unique regular function g : 2 — H such that

gr = fr in Q.
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Polynomial approximation of regular functions of a quaternionic variable 31

As a consequence one may obatain the extension theorem for regular functions,
see [5], Theorem 1.24.

Theorem 3.2 Let f be a regular function on a slice domain . There exists
a unique regular function f : () — H that extends f to the symmetric completion
of ), i.e. to the set

0= U (x 4+ yS).
z+yle)
Consider the set of power series

o0

Zq”an, an € H. (3)

n=0

endowed with the natural uniform convegence on compact sets. Observe that if
R := (limsup,,_,o, /|a,|)~! then the series (3) converges uniformly on compact
subsets of B(0,R) := {q € H : |¢| < R} to a regular function f(q) = > "¢ an,
in B(0,R) and diverges if |¢g| > R, see [5], Theorem 1.6. We define the regular
product  of the series f(q) =Y., ¢®ax and g(q) = >, ¢'a; similarily as the regular
product of polynomials (1):

Frgla)==>_q™ > ab (4)
m k+l=m
The regular product f * g is regular in B(0, R) if f, g are regular in B(0, R). One

may also prove the proposition (see [5], Proposition 1.28).

Proposition 3.3 The set of regular functions on a symmetric slice domain 2 C H
is a noncommutative ring with respect to + and *. In particular polynomials H|q]
are regular in H.

One may define a distance o : H x H +— R (see [5])

()

(. q) lp—q|, if p,q lie on the same complex line L;
g =
4 w(p,q), otherwise

where

w(p,q) = v/ (Rp — Rg)? + (1Sp| + [Sq])>-
The topology 7, in H defined by the distance (5) is finer that the Euclidean
topology 74 induced by the distance d(p,q) = |p — q|, see [5], Section 2.13. Let
Y(e,R) :=={q € H: o(c,q) < R} be the o ball centered at ¢ € H of radii R > 0
(see Figures 1, 2, 3).
We say (see [5], Definition 2.13) that f : H D Q +— H is o-analytic at ¢ € Q if
there exists R > 0 and a regular power series » > (¢ — ¢)*"ay, where

(g—c)an:=(q—c)x(g—c)*---%(q¢—c)an,

~
regular product of n factors g—c
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Figure 1: The sets ¥(¢;, R;) N {xo + ix1 + joo + kxg € H: x5 = 0} with ¢; =
(=3,—2,0,0), c2 = (0, —13,0,0), ¢3 = (3, —15,0,0) and Ry = Ry = Ry = 13.

T 100 T 100 T 100

such that f(q) =Y .2 (¢ — ¢)*™ay, for ¢ € X(c, R). We say that f is o-analytic in
Q if it is o-analytic at all ¢ € 2.
Regularity and o—analyticity are strictly related, see [5], Corollary 2.14.

Proposition 3.4 A quaternionic function is regular in a domain if and only if it
is o-analytic in the same domain.

We recall the Splitting Lemma that is a crucial tool in the theory of regular
functions, see [5], Lemma 1.

Lemma 3.5 Let f be a regular function defined on an open set ). Then for
any I € S and any J € S with J L I, there exist two holomorphic functions
F,G: QN Ly~ Ly such that for every z = x +yI we have fi(z) = F(z)+ G(z)J.

As a consequence we obtain

Corrolary 3.6 Let Q C H be a symmetric slice domain and let p, € H,[q] be
a sequence of polynomials converging uniformly on compact subsets of €2 to a
function f bounded on compact subsets of ). Then f is regular on 2.

Proof. Let K C Q2 be a compact. FixI,J €S,I 1 J. Forn=1,2,3,... by the
Splitting Lemma we get holomorphic functions F,, : QNL; — Ly, G, : QNL; — Ly,
such that p,r(2) = Fn(z) + Gn(2)J, and F,,, G, are converging on compact sets
K N Lj to functions Fr : QN Ly — Ly, Gy : QN L; — Ly holomorphic on

www.stijournal.pl



Polynomial approximation of regular functions of a quaternionic variable 33

QN Lr. Hence fr(z) = Fi(z) + Gr(a)J for z € Ly with holomorphic functions
Fr,Gr: QN Ly— Lj.

4. Polynomial extremal function

Following [8] we define polynomial extremal function of a non-empty compact
set B C H (called the Leja-Siciak polynomial extremal function in the case where
E c CN) by

®p(q) == sup {|p(q)|"/*¢?, p € H[q), [Ip||p < 1} (6)

where
Iplle = sup{|p(q)|,q € E}

is the supremum norm of the polynomial p(q) = ag+ qai +¢*az +- - - +q"a, € H|q|
on the set E.

Consider the polynomials p,,(q) = >_j_,(g—c)**ay, satisfying ||p,||z < 1 on the
closure of the o-ball ¥(c, R), i.e. on the set E :=X(¢,R) ={q € H: 0(q,c) < R}.
One may prove that

(g=c)™=llg=c)x(g=c)*--x(g—c)] < 0a(g,)"
and lim, s |(q — ¢)**|"/™ = o(q, c), see [5], Proposition 2.10. Hence we get the
explicit formula for the polynomial extremal function of the set F.

Proposition 4.1 If E ={q€ H:0(q,c) < R} then

Bp(q) == max{l, ”(gc) }

In particular, for ¢ = 0 we have o(q,0) = |q| and we get P (q) := max{1, m}.

Observe that function ®z need not be continuous. For a finite set E :=
{ay,a9,...,an} C H, we have

1, qekF,
‘I’E(Q)Z{oo (¢ E

We shall say that non-empty compact set £ C H is L-regular if the polynomial
extremal function ®g is continuous on H.

By the definition (6) we obtain the Bernstein- Walsh inequality (see [8] in the
case where E C C").

Proposition 4.2 Let p,(q) = ag + qa1 + ¢*az + - - - + ¢"a,, € H,[q] and E C H be
a non-empty compact set. Then for any quaternion q € H we have

Pn(@)| < ®E(9)llpnlle- (7)
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In particular, we have

Pn(@)| < R"|lpnl|e for q € Eg
where Er := {qg € H: ®g(q) < R} for R > 1 is a sublevel set of the function ®p.

5. Bernstein-Walsh-Siciak theorem

Let us propose a version of the Bernstein-Walsh-Siciak theorem for function f :
H > E — H (see [8], Section 10, Theorem 1 for the case where f: C" D E — C).

Theorem 5.1 Let E C H be a non-empty compact L-regular set and let f : E +—
H be a bounded function. Let p, € H,[q] be a sequence of polynomials. If there
exists R > 1 such that
1
limsupr—anJlE/nSE, for R > 1 (8)

n—oo

then

1. the sequence p,, converges uniformly in E, := {q € H : |®g(q)| < r} for
1<r <R,

2. function f is regular in the interior of the set ER, i.e. there exists regular
function f : E, — H such that f = f on the set E.

Proof. 'We proceed as in the proof of Theorem 1 in [8], Section 10. Consider
the series po+ > pe o (Pk+1—Pk). By Proposition 4.2, for the polynomial p,11—p, €
H,,+1[q] we get the estimate

Pns1(0) = Pa(@)] < |[Pns1 — palle @5 (g), for ¢ € H.

We have also
Hpn-‘rl _anE < Hpn—I—l - fHE + Hpn - fHE

Chose € > 0 such that "
1+4+¢
1f = palle < ( )

R
for n > N, N = N(e) being sufficiently large. We get

1+e\" .,
|pn+1<q>—pn<q>|sz< . ) (), for g € H

and (1 ) "
+e)r
|Pn+1(q) — pn(q)] < 2r<R) , for ¢ € E,.

Therefore the series pg + Y peo(Pk+1 — Pk) converges uniformly on E,. Since pg +
> i—o(Pr+1—DPk) = Pn the sequence of polynomials p,, € Hj,[g] converges uniformly
to the function f on the set F, for 1 < r < R. By Corrolary 3.6 function f is
regular in the interior of the set Eg.
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6. Polynomial approximation of regular
functions in L? spaces

Let p be a finite Borel measure on a non-empty L-regular compact set £ C H.
Proceeding as in [1] we say that the pair (F, ) satisfies Bernstein—Markov con-
dition (BM), if there exists p, 0 < p < oo such that for any € > 0 there exists
A = A(e, p) such that

1l < AQ+ 21| 1], (9)

for all polynomials f € H[q|, where

1£he = ([, !f(Q)!de(Q)>1/p- (10)

Using Hélder’s inequality one may prove that if the pair (F, ) satisfies (BM) for

one exponent p € (0,00), then it satisfies (BM) for all exponents p, 0 < p < o0

(see [1], Remark 3.2). In particular, (10) defines a norm of f : E +— H for p > 1.
Let f : E — H be a Borel function that has the bounded norm || f,, < oco.

We propose the following version of Bernstein-Walsh-Siciak theorem in LP spaces.

Theorem 6.1 Let £ C H be a L-regular non-empty compact set and let u be
a finite measure such, that Let (F,p) satisfy (BM) for an exponent p > 1. and
f : E — H be a Borel function with || f||., < co. If f, € Hy,|q] is a sequence of
polynomials such that

. 1

tim sup |1 — ful 7 <

n—oo
then f is regular p almost everywhere in the interior of the set Er := {geH:
®p(q) < R}, ie. there exists f regular in the interior of Eg and pu(ErN{q € H :

flg) # f(@)}) =0.

Proof. The sequence | fy|,.p is bounded because | f,||.p, has the finite limit
| fllp < o00. Fix € > 0. By (BM) we have

[ fot1 — falle < AL+ )" | fug1 — fallup, foralln=1,2,3,...,

A = A(e, n) being a constant depending on ¢ and p only. This implies that the

series
o

fol@) + Y (fal@) = fa-1(a))

n=1

converges uniformly on compact subsets of the set {¢ : Pr(q) < l—i} for arbitrary
€ > 0. This gives the assertion of the theorem.
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7. Regularity and leading terms of polynomials

of best approximation

The relation between analyticity of a function f : C* O E +— C and leading
terms %, of polynomials of best approximation was studied in the case of one and
several complex variables, see Theorem 2.1 in [2] and references given there. We
will show that the regularity of a function f : H O E — H inside a level curve
{g € H: ®g(q) < R} of the polynomial extremal function ®p is related to norms
of leading terms of the polynomials of best uniform polynomial approximation or
best approximation in LP norm.

We denote by p,(q) := ¢"a, the leading term of the polynomial p,(q) =
ap 4+ qai + -+ + ¢"a, € Hylq.

Proposition 7.1 Let t,(q) = ;_, q"aj;, be the n-th polynomial of best uniform
approximation of a function f : E — H bounded on a non-empty L-regular com-
pact set £ C H, i.e.

If = tullz = inf{||f = pnllz : pn € Halg]}.

If there exists R > 1 such that
—~ 1
limsup |7 < (11)
n—oo

then function f is regular in the set Er := {q € H: ®g(q) < R}.

Proof. By the definition of polynomials of best uniform approximation we have

1f = talle < I = (tnsr = Tas) B < If — tusalle + lEnsillp, (12)

By (11) for r € (1, R) we obtain
~ 1
th+1||E S m, for n 2 N(T)

Repeating (12) we get

If = tulle < ltnsille + I1f — tasille

< |tnsille + fEnselle + 11f = tasalle < ...

1 1 1 1

ol T omr2 T T T

<

Hence limsup,,_, o Hf—th}E/n <1 foranyr € (1, R). By Theorem 5.1 we conclude

that f is regular in Eg.

A similar proposition to the previous one we may obtain in the case of the
polynomial approximation in the LP norm if the pair (E, ) satisfies condition
(BM).
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Proposition 7.2 Let E C H be a non-empty regular compact set and p be a finite
Borel measure such that the pair (E, i) satisfies (BM) for an exponent p > 1. Let
(q) = > r_o q*aj, be the n-th polynomial of best approximation in LP norm of
a Borel function f : E — H with [ |f(q)[Pdu(q) < oo, ie.

If = Tn”u,p = inf {Hf _pn”u,p “Pn € Hn[q]}-
If there exists R > 1 such that

. ~ 1
hmsup||7'n||l1/£ < = (13)
n—oo

then function f is regular y almost everywhere in the set ER.

Proof. Proceeding as in the proof of Proposition 7.1 we obtain

1 = Tallup < 1F = ot = Tt )llwp < 1 = Tottllup + [Tnsillp, — (14)

by the defintion of polynomials of best approximation in the LP norm. By (13) for
r € (1, R) we obtain

~ 1
HTn‘i‘IHE,M S m, for n 2 N(T)

Repeating (14) we get

1f = mallEp < 1TnsallEp + I1f = TnvillEw

< N otillep + 1Tnt2llBp + 1f — TotellEpw < - -
o1 1 11
_r”+1+r”+2+.“_'r‘—17“7”'

Hence limsup,,_, . || f —TnH}E/Z < iforanyr € (1, R). By Theorem 6.1 we conclude

that f is regular p almost everywhere in ER.

8. Factors of polynomials approximating
regular functions

We start with an observation that the points gk, see (15), in the factorisation of
partial sums of power series of a regular function in the ball B(0,R) := {¢ € H :
lg| < R} have to lay outside this ball.

Proposition 8.1 Let s,(q) = >_p_o¢"ax be the n-th partial sum of the power
series Y oo q*ay, and let q,, € H, k = 1,2,...,n be a sequence of quaternions in
the factorisation of s,

Sn(Q) = (q_in) * (q_QnZ) Koee ok (q_an)an- (15)

If the points lay outside the ball B(0, R) for R > 0 and for n > ng then s, converges
to a function f regular in B(0, R).
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Proof. Observe that

laol = [8n(0)] = [(0 = gn1) * (0 — gn2) * - - % (0 — gnn) * an| (16)

= |Qn1 qn2 - - -Qnn an’ = ’qn1| |Qn2| o |an’ |an| > Rn’an’
Hence lim sup,,_, ]an|1/ n< %. This implies the uniform converence of the power
series s,(q) = Y 1_o ¢ ax to a function f regular in B(0, R), see [5], Theorem 1.6.

The classical Jentzsch’s theorem on the complex plane states that if s,(z) :=
> h_oarz" are partial sums of the series f(z) = > 72 axz® with radius of conver-
gence 1, then each point on the circle of convergence |z| = 1 is a limit point of
zeros of the polynomials s,. Hence the natural question arises.

Question 8.2 Is every point of the set |¢| = R an accumulation point of quater-

nions ¢nk, where Sn(Q) = (q - in) * ((] - Qn2) ¥ X (q - an)an, if the function
f(q9) = Y22 ¢"ax is regular in the set |g| < R and is not regular in the larger ball
|q! < Ry, for Ry > R?

By [5], Theorem 2.11, the series

o0

=2 (a—o)

k=0
converges on compact subsets of o-ball X(c, R), where % := limsup,,_, |an|/™,
and it does not converge at any point of H \ ¥(¢, R). Hence the next question

arises.

Question 8.3 Is every point of the set {g € H : o(¢,q) = R} an accumulation
point of quaternions ¢, where

n
Zq—c :(q_Q’rLl)*(q_QnQ)*"'*(q_an)an?
k=0

Partial sums of the power series > 2~ ¢"a;, may be replaced by polynomials of
best uniform approximation or best approximation in L? norm.

Proposition 8.4 Lett,(q) = > ;_, q®an, € Hy[q] be the sequence of polynomials
of best uniform approximation of a function f : B(0,r) — H bounded on the closed
ball B(0,7) ={q € H: |q| <}, for r > 0. If the quaternions ¢, in the factors

tn(‘]) = (q - in) * ((] - Qn2) oeeok ((] - an)ann- (17)

lay outside the ball B(0, R), for R > r, then function f is regular in the ball
B(0, R).
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Proof.  Observe that HEL”W = Hq“annHm = |apn|r™. Function f is
bounded, so the sequence |t,,(0)| is bounded as well. Moreover
|tn(0)| = |(0 - in) * (0 - Qn2) koo ok (0 - an)ann| > Rn|ann‘-
Hence |G |27
B(0,r)

Proposition 7.1 function f is regular in the set

1
= Jawn|""r < Rlta(0)]/" and limsup, o |Gl 0 < - By

R
{q € H: pg(a) < T} = B(0, R),
as (I)W(Q) = max{1, ‘Tll}, see Proposition 4.1.

Proposition 8.5 Let E := B(0,7), r > 0, and let j1 be a finite Borel measure on E
such that (E, ) satisfies (BM) for an exponent p > 1. Let 7,(q) = > p_o ¢"ank €
H,[q] be the sequence of polynomials of best approximation in LP norm of function
fE—=H, [5]f(@Pdu(g) < oo, ie.

If = 7l = WE{|f — pallEy : po € Hylg]}.
If the quaternions q,. in the factors
Tn(Q) = (q - in) * (q - QnQ) koo X (q - an)ann' (18)

lay outside the ball B(0, R), for R > r, then function f is regular p almost every-
where in the ball B(0, R).

Proof. Proceeding as in the proof of Proposition 8.4 we have
”T”HB 0 — = [lg" annHB 0,7) = |ann|r".
Fix € > 0 and note that by (BM) we have
Il 56,y < AL+ €)"{|pnlup, for any polynomial p, € Hy[q]-

Thus
70 (0)] < ITallg,y < A0+ )" 1Tallup (19)

A = A(e,p) being a constant. The sequence |7, is bounded because it has the
finite limit || f]|,, < co. Moreover

T2 (0)] = [(0 = gn1) * (0 = gn2) * -+ % (0 = @nn)@nn| > R"|ans|. (20)
By (19) and (20) we have
)1/71.

1
7 = Jagn| ™ < (1 4 €)

g Aty

7
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Thus
1/n

limsup ||£, |22 — < (1 + 6)1, for any € > 0.
n—oo R

B(0,r)

By Proposition 7.1 function f is regular p almost everywhere in the set

R
{q GH@W(Q) < T‘} = B(O,R),

as Pxo—(q) = max{l, ‘%l}, see Proposition 4.1.

B(0,r)
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Figure 2: The sets X(c;, R;) N {xo + iz + joo + kxs € H : x3 = 0} with

c1 = (_37 _17070)7 Co =

(0707070)7 C3 = (371,0,0) and Ry = Ry = R3 = %

Note that ¢; = 0 belongs to every complex line L, thus o(c2,q) = |ca — |

and E(CQ, RQ) = B(CQ, Rg)

Figure 3: The sets X(¢;, R;) N {xo + ix1 + joo + kxs € H : x3 = 0} with

C1 ' 10

Ry=1 R3=1

10°
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77()’0)7 Cy = (0;
3

£.0,0), c3 = (3,—,0,0) and Ry = 2
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