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Abstract

We consider a Robin problem driven by the p-Laplacian and with a reaction which is
gradient dependent (convection). Using truncations and perturbations, we show that
the problem has at least one positive smooth solution.

Introduction

Let Q C RY be a bounded domain with C?-boundary €. In this paper we study
the following nonlinear Robin problem with gradient dependence (convection):

{ —Apu(z) = f(z,u(z), Du(z)) in Q,

é?Tu +B(Z)uP =0, Y u=0,1<p<+co. (1:1)

Here A, denotes the p-Laplace differential operator defined by
Ayu =div(|DulP~2Du) Vu € WhP(Q).

The reaction f(z,x,y) is a Carathéodory function. No global growth restriction
is imposed on f(z,-,-). All the restrictions are local and concern the struc-
ture of f(z,-,-) near zero. A similar problem was investigated recently by Bai-
Gasinski-Papageorgiou [2]. There the differential operator is more general and
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Positive solutions for nonlinear Robin problems with convection 27

it is in general nonhomogeneous. However, the conditions on the reaction are
more restrictive and global. In addition, the approach there is different and
it uses the so called “freezing method”. Namely we freeze the gradient vari-
able. Then the resulting problem is variational and can be solved using the
minimax methods (critical point theory). We show that the “frozen problem”
has a smallest positive solution %, depending on the frozen variable v. We
consider the map v — 4, and use fixed point theory to produce a solution
of the original problem. In contrast here we use truncation techniques and
the theory of nonlinear operators of monotone type. Nonlinear operator the-
ory was also used by Gasinski-Krech-Papageorgiou [4] but for a problem with
a reaction which is globally restricted. Finally we mention also the works of
Bai [1], Faraci-Motreanu-Puglisi [3], Gasinski-Papageorgiou [6], Papageorgiou-
Rédulescu-Repovs [11], Zeng-Papageorgiou [12] (singular problems with convec-
tion), all using the frozen variable method.

We mention that in the boundary condition 38—712 denotes the conormal deriva-
tive of u corresponding to the p-Laplacian. This condition is interpreted using
the nonlinear Green’s identity (see, for example, Gasiriski-Papageorgiou [5, p.
221]). When u € C1(Q), then

ou

s = 1Dul (D g = |Dup™

o
on’

with n being the outward unit normal on 0f2.

Mathematical background hypotheses
The following spaces are important in the analysis of problem (1.1):
whtr(Q), C'Q) and LP(09).
By || - || we denote the norm of the Sobolev space W1(Q) defined by
Jull = (Jully + |Dulz)> ¥u e W (@),
The Banach space C1(Q) is ordered with positive (order) cone
Cy={uecC'(Q): u(z) =0 forall z € Q}.
This cone has a nonempty interior given by
intCy = {u € Cy: u(z) >0 for all z € Q}.

We will also use another cone in C*(Q) defined by

0
D+—{u€C’+: u(z) > 0 for all z € Q, %

<o}
oQNu—1(0)
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On 99 we consider the (N —1)-dimensional Hausdorff (surface) measure o. With
this measure on 92, we can define in the usual way the boundary Lebesgue space
L7(09) (1 < 7 < 00). We know that there exists a unique continuous linear map
Yo: WEP(Q) — LP(0€) known as the “trace map” such that vo(u) = u|sq for
all u € WHP(Q) N C(Q). Hence the trace map extends the notion of “boundary
values” to all Sobolev functions. This map is compact into L"(9€) for all

rell, e 1)N) if p< N and into L"(99) for all 1 <r < oo if N < p. We have

keryo = Wy P(Q) and imyy = Wﬁ’p(aQ)

(% + 1% = 1). For the sake of notational simplicity, in the sequel we drop the use
of the trace map ~y. All restrictions of Sobolev functions on 92 are understood
in the sense of traces.

Consider the following nonlinear eigenvalue problem:

—Apu(z) = Aju(z)[P~2u(z) i Q, .
Doy Bz)yur~Pu=0, in Q. (2.1)

We consider the following conditions on the boundary coefficient 3:
Hy : B € C%¥(09) for some o € (0,1) and B(z) = 0 for all 2z € 9.
Remark 2.1. If 5 =0, then we have the Neumann problem.

We say that X is an eigenvalue of (2.1), if the problem admits a nontrivial
solution € WP () known as an elgenfunctlon corresponding to the eigenvalue
X _There is a smallest eigenvalue )\1 with the following properties:

. )\1 >0and A\, =0 if B =0 (Neumann problem), A; > 0 if 5 # 0;

e )\, is isolated in the spectrum &(p) of (2.1), that is, there exists ¢ > 0 such
that (A, Ay +¢) N&(p) = 0;

o )\1 is simple (that is, if @, v are eigenfunctions corresponding to /\1, then u = v
for some p € R\ {O}),

e we have

weWwtr(Q)\{0} |lul|p

where

y(u) = || Dul|h + /69 B(2)|ulP do Vu e WHP(Q).

In (2.2) the infimum is realized on the corresponding one dimensional eigen-
space, the elements of which have constant sign. The nonlinear regularity theory
of Lieberman [7] implies that every eigenfunction of (2.1) belongs in C'(2). By
U1 we denote the LP-normalized (that is, ||u1]|, = 1) positive eigenfunction
corresponding to 1. Then the nonlinear regularity theory and the nonlinear
maximum principle (see Gasiniski-Papageorgiou [5, p. 738]), imply that u; €
intCy. For details we refer to Papageorgiou-Radulescu [9].
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Let A: WhP(Q) — WHP(Q)* be the nonlinear operator defined by
(A(u), h) = / \DuP=2(Du, Dh)aw d= Y, h € WP(Q).
Q

This operator has the following properties (see Gasinski-Papageorgiou [5]).

Proposition 2.2. The operator A is bounded (that is, maps bounded sets to
bounded sets), continuous, monotone (hence maximal monotone too) and of
type (S)4, that is, “u, — u in WHP(Q) and limsup(A(uy,), u, —u) < 0 imply

n—-+00
that u, — u in WHP(Q) asn — c0”.

Let X be a reflexive Banach space, X* its topological dual and by (-,-)x
we denote the duality brackets for the pair (X, X*). We say that a nonlinear

operator ViX — X*is “pseudomonotone” if it has the following property:
“If up, — uwin X, A(u,) — y* in X* and

lim sup{A(uy,), un, — u)x <0,
n—-+oo
then y* = A(u) and (A(up), un)x — (A(u),u)x” (see Gasinski-Papageorgiou
[5, p. 330]).
Now, we introduce the hypotheses on the reaction term f(z,z,y):

Hy: f: QxR xRY — R is a Carathéodory function such that f(z,0,0) =0
for almost all z € ) and

(i) there exists cy > 0 such that

f(z,¢4,0) <0 for a.a. z € Q;

(ii) there exist a function n € L>(2) and dy € (0, c4) such that
n(z) = A foraa zeQ, n#\
and for every € > 0, there exists c. > 0 such that
fza,y) = (n(2) — e)a? ™" — cea™™!

for almost all z € Q, all 0 < z < dp, all y € RN, with » € (p,p*) (recall

thatp*:NN—f;ifp<Nandp:+ooifN<p);

(iii) for every p > 0, there exists a, € L>°(£2) such that

1f(z,2,9)] < ap(2)

for almost all z € Q, all 0 < z < ¢q, all Jy| < o.
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Remark 2.3. Hypotheses H;(i7) is satisfied if the following is true

lim inf 7f(z, z:y)
r—0+ P2

> 1(2)
uniformly for almost all z € Q, all y € RY. Note that all conditions in H;
concern the behaviour of f(z,-,y) near zero.

The following function satisfies hypotheses Hi:

f(z,x,y) = fO(x) +§(z)‘y|19’

with £ € L>®(Q), £(z) > 0 for almost all z € , ¥ > 1 and f; € C(R4;R)
satisfies
fo(z)

1

lim inf
z—0t+ P~

and there exists ¢4 > 0 such that fy(cs) <O0.

277>X1

An auxiliary problem
In this section we examine the following auxiliary nonlinear Robin problem

—Apu(z) = (n(z) —e)u(2)P~! — cou(z)"™'  in Q,
Ou 4 B(2)uP~™' =0, IR u>=0,1<p< +oo.

ony

(3.1)

Proposition 3.1. If hypotheses Hy hold, then for all e > 0 small problem (3.1)
admits a unique solution ug € intCy .

Proof. Let ¢: WHP(Q) — R be the C'-functional defined by

1 L | ) S P d
Y(u) = (w) + —lu I+ =1 p/ﬂ(n( ) —e)(u)P dz.

Since p < r, we see that v is coercive. Also using the Sobolev embedding
theorem and the compactness of the trace map, we show that 1 is sequentially
weakly lower semicontinuous. So, invoking the Weierstrass-Tonelli theorem, we
can find 1wy € WP(Q) such that

Vi) = it () (32)

Let t > 0 and recall that u; € intCy (see Section 2). We have

tP

U) = — M —n(2)ildz +e tTcEﬁr
wwn—p(4u1n<»ﬂi+)+ e (3.3)

r

(recall that v(up) = X1||ﬁ1||§; see (2.2) and |[u1]l, = 1). Hypothesis H; (i)
implies that

c= /(n(z) — M)l dz >0
Q
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(since u; € intCy). Choosing € € (0,¢), from (3.3), we have
Y(tur) < ert” — cot?,
for some c1,co > 0. Since r > p, for t € (0,1) small we have
Y(tur) < 0,
S0
¥(ug) < 0=1(0)
(see (3.2)), thus @y # 0. From (3.2) we have
W(%) =0,

(A(To), h) +/m /3(z)|ao|p—2a0hdz—/Q(ag)p—lhdz

= /(n(z) 76)(176")p71hdz 705/(56")’“71hdz VYh € WHP(Q). (3.4)
Q Q

In (3.4) above we choose h = —uy; € W1P(£2). Then
V(ug ) + llug [ =0,

so up = 0 and @y # 0. Then from (3.4) and Green’s identity, we have

—Aplio(z) = (Tll( z) =)o (2)P 7! — clip(2)"! in €,

{ gzz +B(z)ug =0, indQ (3.5)

(see Papageorgiou-Radulescu [9]). From (3.5) and Papageorgiou-Radulescu [8,
Proposition 2.10], we have
Ug € LOO(Q)

Then applying Theorem 1 of Lieberman [7], we obtain
up € Cy \ {0}.
From (3.5), we have
Aptig(z) < (%H%H;p)ﬂo(z)p*l for a.a. z € Q.

Then the nonlinear strong maximum principle (see Gasiniski-Papageorgiou [5,
p. 738]), implies that
”lIO S thC+.

Next we show that this positive solution of (3.1) is unique. So, let Ty € Wy ()
be another positive solution of (3.1). Again we have 7y € intCy. Let ¢ > 0 be
the biggest positive real such that

o < To. (3.6)

www.stijournal.pl Science, Technology & Innovation, 2021, 12 (1), 26-36
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Let ¢ = ||tg|cc and let Eg > 0 be such that for almost all z € 2, the function
s (n(2) —e)aP™t —ca" 4 nga:pfl

is nondecreasing on [0, g]. Suppose that ¢ € (0,1). Using (3.6) and recalling the
choice of £, and that » > p, t € (0,1), we have

— A, (tB0) + & (tT0)P !
P~ — Ao + E,057)
= ((n(z) — ) — covp ! ¥ &)
) —e)(t)P " — ca (1) Ly &, (t0o)P™
(n(z) — o)l — cetigy * + &,
= —Aylig+ &b (3.7)

NN

Since ug € intCy, we have that 0 < mg = minvy. Hence
Q

ce(tPh =t T e (P = hmg T > 0.

Then from (3.7) and Proposition 2.10 of Papageorgiou-Rédulescu-Repovs [10]
(the strong comparison principle), we have

ﬂo — tao € D+,
which contradicts the maximality of ¢ > 0. This means that ¢ > 1 and so

g < Ug

(see (3.6)). If in the above argument, we interchange the roles of %y and vy, we

obtain
Uy < Vg
and so
Uy = p.
This proves the uniqueness of the positive solution ug € intC,. O

We choose t € (0,1) small so that
tug(z) € (0,00] Vz € Q. (3.8)

Let w = tug € intC.. Using also Proposition 3.1 and the fact that ¢t € (0,1), we
have

—Apu(z)

(= Apiio(2))
771 ((n(2) = €)tio(2)"~" = celio(2)" ")
(1(2) — &) (tuo(2))"~" — ez (tuo(2))" ™
f(z,u(z), Du(z)) (3.9)

NN
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(see (3.8) and hypothesis Hj (i7)). Also with SAQ > 0 as in the proof of Proposition
2, using (3.8), recalling that dy < ¢4 and using hypothesis Hj(i7), we have

—Apu(z)
(n(z) —e)u(z
(n(2) —e)ci
f(z,¢4,0) +§ Cp
—Apcy Jrfe +

u(z )

_|_
g)u

&

INCINCIN N

S0
u(z) < et

—eci(x) ! + &)
C€c+ T+ fa‘ﬁ_l

1

VzeQ (3.10)

(see Papageorgiou-Radulescu-Repovs [10, Proposition 2.10]).

Positive solutions

In this section using the theory of nonlinear operators of monotone type, we

show the existence of a positive smooth

solution for problem (1.1).

Theorem 4.1. If hypotheses Hy and Hy hold, then problem (1.1) has a positive

solution u € intCy and
u(z) < et

Proof. Recall that u < ¢y (see (3.10)).

Next consider the continuous map 7:

u(z) if
T(u)(2) =4 u(z) if
Ct if

Vz e Q.
WhP(Q) — WP(Q) defined by

(
()z) < ey, (4.1)

Also let f: Q x R x RY — R be the following perturbation of f:

~

flz,z,y) =

This is a Carathéodory function.

f(z,

z,y) + a2,

We consider the nonlinear operator V: WP(Q) — WHP(Q)* defined by

/Q e

—|—/ |u|p_2uhdz+/ B(2)|ulP~%uh do
Q a0
7(2), DT

(2))hdz VYh € WHP(Q).

Clearly V is bounded, continuous (see Proposition 2.2). Also assume that

Uy —u in WHP(Q),

lim sup(V (uy, ), un, <

n——+00

_u>

www.stijournal.pl

Viu

n) — ¥ in WhP(Q)*,

(4.2)

0.

Science, Technology & Innovation, 2021, 12 (1), 26-36
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From (4.2) we have
U, — w in LP(Q) and in LP(0Q).

Therefore we have

/ e P2t (1, — 1) dz — 0, / B() P2t (1, — u) dor —> 0 (4.3)
Q o0
and

/ f(z,7(up), D7(up)) (up, —u)dz — 0 (4.4)
Q
(see (4.1) and hypothesis Hi(ii7)). From (4.2), (4.3) and (4.4) it follows that

lim sup(A(uy,), un, — u) <0,

n—-+oo

S0
Up — u  in WHP(Q)

(see Proposition 2.2). Then the continuity of the operator V implies that
V(up) — V(u) in WHP(Q)*,

SO

(see (4.2)). Also, we have
V(wn, un) — (V(u),w),

so V' is pseudomonotone.
For every u € W1P(Q), we have

V)u) = )+ Jul - / Fle, (), Dr(u))uds
>l — eallull,

for some ¢z > 0 (see (4.1)), so V is coercive.
We know that a pseudomonotone, coercive operator is surjective (see Gasin-
ski-Papageorgiou [5, p. 336]). So, we can find @ € W1P(Q2) such that

V(u) =0,
SO
(A@), h) + / (aP~2ah dz + / B(=)[alP~2h do
Q o0

= /Q(f(z,r(ﬁ),DT(ﬂ))+\T(ﬂ)|p’27(ﬂ))hdz VYh e WHP(Q). (4.5)

Science, Technology & Innovation, 2021, 12 (1), 26-36 www.stijournal.pl
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In (4.5) first we choose h = (u — @)™ € W1P(Q2). Then

), @—a)* aP-2a@ - a)* dz DaP-2a@ - a)* do
(A1), ( )+/Q\| ( )d+/mﬁ()|| ( )T d
_ /Q(f(z,mDa)mp—l)(a—aﬁdz

> <A(a),(a_a)+>+/Qapfl(a—a)+dz+ "

B(z)ur (u —a)t do

(from (3.9) and Green’s identity), so

u <.

Next in (4.5) we choose h = € WhP(Q). Then

@0t
(A@), (@ - cp)*) +

= /(f(Z,C+, )+C{]F
Q

< ) @-c) )+ [ @ e et
Q o

/u” Ya—c )t dz+ B(2)uP~ U —cy) T do
Q 19)
)(u—c+)+dz

Bz)y (@ —eq)t do

(see hypotheses Hi(i), Hyp), so
ﬂ < Cq.

So, we have proved that

(4.6)

where [U,cy] = {y € WP(Q) : u(z) < y(2) < ¢y for a.a. z € Q}. From (4.5),

(4.6) and (4.1) we obtain that
(A(u),h) + B(2)uP  hdo = / f(z,4, Di)hdz Yh € WHP(Q),

Q Q

S0 U is a positive solution of (1.1). As before the nonlinear regularity theory and

the nonlinear maximum principle imply that @ € intCy and as in Section 3 (see
(3.10)), using the strong comparison principle (see Papageorgiou-Radulescu-

Repovs [10]), we have that u(z) < ¢y for all 2z € Q.
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