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Introduction

Basic statistic tests are constructed with the aim of sums &+ & +- - -+ &,, squares
€262 ..., &2 sum of squares &2 + &2 + - + &2, quotients & or other algebraic
operations on sequences of independent random variables &1, &2, ..., &, (see eg. [6]).
While the sum &1 + & + - - - + &, has a density that is commonly easy to determine
other algebraic operations lead to densities that are more and more complicated
and demand special functions in analysis. For example the sum of the independent
identically distributed (abbreviated as i.i.d.) random variables &;, i = 1,2,...,n

with the normal N (m;,o;) probability density function (p.d.f. for abbreviation)

i) = o (= () 0

has p.d.f. of the same family of normal distributions N(m, o)

F(t) = —— exp ( - i(’““mf)

oV 2T o
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with m :==my +ma + -+ +my, and 0% = 02 + 03 + --- + 02. The sum
GH+e++&

of i.i.d. random variables with standard normal p.d.f. (i.e. N(m,o) with m =0
and o = 1) is the x2 distribution with n degrees of freedom, i.e. has p.d.f. defined
by

£(t) =14 221(%)
0, t<0

which requires the use of the Euler gamma function I'. It is known (see [9], [10])
that the answer to a very simple question about the distribution of the product of
normally distributed random variables requires the use of the Meijer G-functions
Gg?;g, see (2). We present a proof of the explicit formula of the probability density
function of the product of normally distributed independent random variables
in terms of Meijer G functions using the multiplicative convolution formula for
Meijer G-functions (8). In some special cases the function Gpg" can be reduced
to a simpler form (see [1]), for example standard normal distribution N (0, 1) has

the p.d.f. given by
0 )

The function G(Q):g(x) can be expressed with the modified Bessel function of the
second kind K, see (11).

ho L ?y_ 1 ot
f()—\/T—WeXP(*g)—\/T? 0,1(2

Meijer G-functions and their basic properties

The G- function was introduced by C.S. Meijer in 1936 and is defined in terms of
Mellin-Barnes type integrals (see [1], [2] and references given there)

1 [Iree—¢)  JITQ-ar+9¢
S5 () = ami [ Sdc @)
IT ra-o.+¢ [ Tlar-9
k=m+1 k=n+1
where a = (ai1,...,0n,an41,...,0p) and b = (b1,...,bm,bmy1,...,bg) are se-

quences of real or complex parameters, with the contour of integration L suitably
chosen on the complex plane C. If m =0, n =0, p=0 or ¢ =0 we put 1 in place
of the product over an empty set of indices and we put a sign of omission ‘—’ in
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an appropriate place in the symbol of the G-function or omitting the sign ‘-’ if
this does not lead to confusion. For example

0,m

Gg?’r,?g(z‘bla bQ, ey bm) — Gm70 (Z

bla b27'_' ) bm :>
=L 1T — 0. Db — O dC

211 L

We recall selected basic formulae involving Meijer G-functions (see [1], [2], [7]).
By the definition of G-function we have

o mm A1y -5Qp\ _ ~mn a1 +0,...,ap+0

z Gp,q <Z b1,...7bq> _Gp,q <z b1+a,...,bq—|—a> 3)
Gm’n Z,lal,...,ap :Gn’m Zl—bl,...,l—bq

P bi,... by W \"11—ap,....,1—ap)

The classical integral formula for Meijer G-functions is of fundamental importance

in calculations:
(o.)
aly...,Q Cly...,Co
Gl x|, P ) GRY | wa dx
/0 pa bi,....bg ) 7 di,...,d,
_b17"'7_bmaclv--'760'7_bm+17"’7_bq>

e (@
—ag, .. 'a_anadla---vdTa_anJrla" <y T Qp

(4)

— gtop+t \
n TP n

By (3) and (4) we get a slightly more general integral formula

oo
a—1,m,n at,...,0ap [R% Cly...,Co
T GIv | nx GV wa dx
/0 X ( b1, .ibg ) 0T\ da, . dr

oo
1o m,n ar+oa—1,...,ap+a—1 v Cly...,Co
=" /O Gra (W by +a—1,...,bg+a—1 Gor\wo|g, g ) ®)
— pagntumty Wi=bi —a+1,...,~bm —a+1l,c1,...,¢o,—bmt1 —a+1,...,—bg —a+1
=n qto,pt+T nl—a1 —a+1l,...,—apn —a+1l,di,...;dr,—any1 —a+1,...,—ap —a+1

By (3) and (5) we have

oo
a—1~m,n at,...,Qap v 1
T GrL | nx Gt

/0 pq ( b1,...,bq T\ wx

Cly-. - Co
dlu“-yd'r)dw

oo
- a—1,m,n al,...,ap v 1—dy,...,1—ds
7/0 T Gp (77:1: b1,...,bq>GT"’(wz1—c1,...,1—cg dx
_ pagntvmtn wl=bi—a+1,...,~bp —a+1,1-di,...,1 —dr,~bpy1 —a+1,...,—bg —a+1
1 atmpte \pl-a1—a+1,...,—an —a+1L,1-c1,...,1 —co,—ant1 —a+1,...,—ap —a+1
_ 7aGm+u,n+V njar+a,...,an +0,€1,...,Co,0n41 + Q... 0p +
=N Cptoatt \ Slbi 4o, bm 4 aydiy. . de b1 + @y by o

(6)
Putting o = 0 in (6) we get

/ G;’?&" (nx
0

:Gm-‘ru,n—l—y (Q

;-5 p | Ler,. .o co ) de
bi,..., b4 T\ weldi,...,d;) x
(7)
A1y...,0n,C1,...,C5,0n41,-..,0p
bi,...,bm,dr, ... dr bygr, ., by

p+o,q+T w
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For w = t~' and = 1 in (7) we obtain the multiplicative convolution formula
for Meijer G-functions:

{Gm/ﬂ * GIJJ,V (t) L o0 Gm’n(x)G'u’V(tI_l)d_x
p,q o7 T 0 P,q o7 T
+p,n+v
= G;)nJrUlfqiT (t)
or more specifically
/oona"(:C al""’ap)GﬂvV(E Cly...,Cs d_l'
P bl,...,b o7 xdl,...,d T
0 q T (8)
—qmtrnty [y ayy ..., 0n; C15 - -5 Coy A1y - - - Ap
ptoqatT bl,...,bm,dl,...,dT,bm+1,...,bq

By (6) we get also
0 2
a—1,ym,n nx Q1y...,0p TR 2 Cly...,Co
/O' T Gp,q ( 2 bl,---,bq)Go—’T <W:L'2 dl,...’dT dx

o
21 21 ~vm,n A1y, Qp Ly 1 Cly...,Co
=22 s2 Gyt ns b b Gl — ds
0 1y 0q ws

di,...,d,
—2%_177_%Gm+“’”+” n a1+ Q. ..,0, +0,C1, .. CoyOpg1 T Q. Ay +
PHoatT \ wlbr+ oy by +aydy, o dr by + @y b+

(9)

Putting « =0, 7 =1 and w =¢t"" in (9) we get

o) 2
a1 pmmn [ Z7|01s s\ [ 2 ]C1, . Co
RN C b b Gorl| = d d dx
0 2 1,---5VYq xr 1y.-- Ur
_EGTTH-,U«,’/H-V ta17‘"7an7017‘"7caua/n+17"'7ap
- +o,q+T1
2 L b17"'abmadla"'7d7'abm+1a"'7bq

(10)

We recall a formula for the ngg—function

ajb :) = 207 K, y(2v/7) (11)

(see 5.6(4) in [1]), where K, is the modified Bessel function of the second
kind of order v. Many other formulae to express the Meijer G-function in
other special functions can be found in [1]. Most likely, we should not expect,
unfortunately, a reasonable reduction of the Meijer function Gg;g to simpler
special functions when m > 2. In [3] some applications of the Fox H function

Gwm@:%%x

[Ir0e=5:0)  J]TO —ar+ax)
k=1 k=1 e dc

p

H (1 —bx + BkC) H I'(ar — ax()

k=m+1 k=n-+1

p,q

TR Y

(12)
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were investigated to study the distribution of products, quotients and powers
of independent random variables. However the Fox H function generalizes the
Meijer G function and we should not expect all the more any simplification
of results formulated in terms of the Fox H function to more elementary
functions.

Main result

Theorem 3.1 Let &,&,...,&, be i.i.d. random variables with standard
normal p.d.f. with m; =0 and o; = 1, see (1). Then the product &, ... &,
has p.d.f. given by

fago.tm (t) = (27T)_m/2Ggf,’2(2_mt2| 0,0,...,0)

m parameters

1 2 - B (13)
— Gm,O v
(vV2m)m 07m<2m 0,0,...,0 —)
In the case when m = 2 we have
1
fflﬁz(t) = %K0(|t|) (14>

where K is the modified Bessel function of the second kind of order 0.

Proof. By the formula for the p.d.f. of the product &7 of two independent
random variables £ and n with p.d.f. fe and f,, respectively, we get (see eg.

[6]):
fen(1) / fe(ta™) fi( )l |

- / fel@) folta) 2 =

Hence for two i.i.d. random variables &;, & with standard normal p.d.f. we
have

d
feien(t) / Je, (tz71) fe, () / fe, (tx™ )fiz() ’

because the function f¢, is even. The last integral is the multiplicative con-
volution of functions fe, and fe,:

d
)

/OOO fe (ta™h) fe, (2 % = {fe, * fe, }(1).
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By the convolution formula for Meijer G-functions, see (8):

! i ! !
m,n m'n’ m—~+m',n+n
Gp,q * Gp’,q’ - Gp+p’,q+q’

w2 T Oru
for fe,(u) = fe,(u) = Z=exp(—5u%) = A=Goi (5], ) = #A=Gai(%10)
and using formulae (10) and (11) we get:

22— —\dx
G7 (_ )_
“\ 210 —/) «x

o0 el I 22— —\dx

. Lof v 4 1.0~ hated

Fl- =\ _ 10270 2721210, 0 —lK(|t|)
Tloo —) " ax 0( |,)—;0

Assume for m > 2 the product &&; ... &,,—1 has p.d.f. of the form

0,...,0 —)
——

m—1 parameters

t) = ————Gon 1| 5
f§152...§m71< ) (\/ﬂ)m—l 0,m—1(2m_1

Proceeding as above for two factors fe, and fe, we have by (10):

2
- - 102
0,...,0 _)00,1(2

0,...,0 —)G

& dz
ferto b 160 (t) = 2/0 Jestoen (t271) fe, (2) —

2 * m—1,0 1 tz

o) t2 LEQ
_ Gm—l,O Y Sl
( )m /(; 0,m—1 (2m/ )
1 t2 B
= -—Gm’o —O,...,0,0 -
(vV2m)™ 2 O’m(Qm ‘ﬁf—’ >

m parameters

= ——— G (27™%)0,0,...,0).
(Var)m "

[\
o

[\
o ¥

Corrolary 3.2 Let &,&,...,&, be independent normally distributed ran-
dom variables with mean values m; = 0 and standard deviations o; > 0, i.e.
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with p.d.f.
0 (B 1oz
(t)= —=exp| —— ), i=1,2,...,m.
& o\ 2w P o?

The p.d.f. of the product &&s ... &, equals

1 N y— 5
feeo 60 (1) = WGO,m(Q (t/o)?]0,...,0) (15)

where 0 := 0109 ...0,,.

Remark 3.3 It was noticed in [4], [5] that the density (14) of the product
&€ was found in 1932 in [11]. The formula (14) is also an exercise to the
reader in [8]. The density (15) of the product &€, ... &, was found in [9] in
1966. See also [10].

m
0

Question 3.4 Is it possible to simplify the Meijer function G 7;2(:c]0, ...,0)
for m > 2 as in the case of m = 2 when GSB(%]O, 0) = 2Ko(|t])?

Question 3.5 Is it possible to give an explicit formula for the p.d.f. of
the product &&...&,,, m > 2, of normally distributed independent random
variables with different mean values?

We may find a partial answer to the question in [8] in a special case of
the product &€ where & ~ N(0,0) and & ~ N(m, o).
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Figure 1: Plots of the p.d.f. of the products & ...&, for m = 1 (red line),
m = 2 (green line), m = 3 (blue line) and m = 4 (black line).

-3 - -1

(=]

Figure 2: Plots of the p.d.f. of the products &; ...&,, for m = 1 (red line),
m = 2 (green line). m = 3 (blue line) and m = 4 (black line).
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